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4.1 Introduction ‘ “w\,\ Wi

O An Inventory consists of usable but idle (not used 1mmed1ately) resources such as men,
machines, materials or money. Inventory is very 1mporta.n} for a company as it directly
connected to the revenew. If the resource involved is a mate;tal the inventory is also called
'stock’. There are mainly three types of inventory: Raw materials, Work in progress and
finished goods. ;aﬂ

» | Raw Materials || Items use to make you\"ﬁmbhed goods.

» | Work in Progress| Items in “the’ process of making finished goods for sales.

» | Finished Goods| The products you sell to your customers.
‘C

B Suppose for the wooden furnlt.ure company Godrej Interio: The wood bought from
the supplier to make.furmture are raw materials. All unfinished parts before the assembly
of the finished produt?t are work in progress inventory. It including labor, shape cutting,
assemble with' gum, demgn,wpohsh ete. The finished goods are ready for sale product as
we see in, the showroom.) ”

» We will dlscuss a detailed classification of inventories later.

NS

3

4:'&*@1& \Requlrement of Inventory

B Although inventory is an idle resouces but most of the companies retain that for effec-
"t.we.an‘a smooth performance. Lack of inventory causes various trouble for an organisation
and ultimately hinder the profit.
» Suppose a company has no inventory, then after receiving an order they have to pur-
chase and recieve raw materials, then start production. It’s a time consuming process
makes the customers wait for a long delivery time of the products, may causes to lose the
customer.
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» Depending on the type, most of companies allocate a certain proportion of its budget,
for the inventory and its management.

B Inventory management is the process of tracking and controlling the business inven-
tory as it is bought, manufactured, stored and used. It manages the complete progress of
inventories from purchasing to sale. It also d.etermmes t..hat bf.xsed on the need, t:‘he nght f
quantities of the right item in the right location at the right time are always ava.llable}:;; y
> At a basic level, inventory management works by' tracking products, compqgg%tig an.d \‘
ingredients across suppliers, stock on hand, production and sales to ensure _tl}at stqg.l; i e
used as efficiently and effectively as possible. This nanagement process will get complg:g_j_-.
as we consider various dimensions in it. Also most of the companies try to imprm{e their
existing inventory management process. T, L

» The application of operations research techniques in thls area is p:;m;idmg\._a ‘powerﬁﬂ
tool for managing inventories and it's known as scientific inventory max;ggemfn't‘.
Question 4.1. Why it is essential for mantaim’ngf;gg_,inventofy__ for almﬁ&t;aﬂ the compa-
nies? ) S

KN
% There are several reasons behind the need of inventor*‘y{.f‘fn}

“as A .
anagement:
y 2

G,
e

It helps the company to flow in a smooth and efficie
2. Reduces the waiting

time for o customef which leads to customer satisfaction and
future growth, ‘ kY
1 4
; 2: 7 ; ; P \. . g
3. Maintaining nventory requires bulk purchasing which is cost effective. Also it takes
the advantage of market pricezi.e. if there'is no inventory then company has to
purchase the inventory after the“ordér, received and 4t may possible that product
price is high on that time. "o £ S
4- Reduces product cost due to uniﬁtenispted flow. Inventor
due to product scarcity (or, slow raw material
For long distance 'cnstomqrsf inve
ezample ciistomer transite time is siz days and if th
making_requires .may amount of time and the

es also plays a critical role
received) at the market.

ntories saved q significant emount of time. For

€Te is an inventory then product
customer received the order quickly.

_.product. within four days.
.{ITE;Ngte tliﬁt, efficient inventory managemont is required else it wil) impact heavily on the
company profit.
4.1.2 Classification of Inventories

Inventories are mainly classified into two categories: Direct and Indirect.
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|P1rect Inventoria: Inventories directly used for production and are a part of the fin-
ished'goods. It has several classifications such as: i) production inventories (includes raw
fnaterlals, components, etc.); ii) work in progress inventories; iii) finished goods inventories;
iv) MRO inventories (stands for maintenance, repair and operating. This is the inventory
YOu use to support the manufacturing process); v) Miscellaneous inventories (scrap, sta-
tionary items etc.) }ﬂ:}‘
ReeN

&
|Indirect Inventories | Inventories are required for production and are not, a part jof |
the finished goods. Some example includes fuel, maintenance, oil, spare pérts,-coolantsz"
tools, etc). It has several classifications such as: i) Transport Inventories:(items currently
under transportation, for example coal [or, petrolium oil] being transported ff&tn coal fields
[or, pertolium oil fields] to a thermal plant [or, petrolium industry]);"ii) Buffer Inventories
(balancing the fluctuations on supply and demand, if there is a requirement of above av-
erage product then buffer inventories play a crucial,role, also if thereis a deldy in supply
then buffer inventories help to run the process §1§i§othly); iii) Decouble,,In%ntoriw (here
inventory managers reserve a portion of the stocﬁ?&%_q\ach node’of production, for example,
the computer manufacturer would set aside a portion;of the parts:needed at each stage
of building a laptop as a buffer against inventory intei‘i‘l‘;p__t_:ions in the operation’s nodes.
The decoupling inventories act as shock absorbers in case of varying work-rates, machine
breakdowns or failures, etc.); iv) Seasonal Inventories (inventories with seasonal demands
e.g. demand of woollen textiles in winter;, air conditioners in summer, etc. Seasonal
inventories has to be maintained to smooth production under high seasonal demand); v)
Anticipation/ Provision Inventories (&USSHLQQ&IP\BGQ} the anticipated demand e.g. purchasing
of crackers well before Diwali, cricket mathS%ring of raw materials for some expected
strike, etc.); vi) M'\” uséd to take advantages of discounts for purchase
of large quantities. It in?gies‘@pﬁce discounts, transportation costs discount, handling

costs discounts.) /

-
h_ L/
R

Question 4.2. Di.gcu:es v&*r%i‘aus types of costs associated with inventory control models.
£, . Y . ’ .
% Inventory costs arp;}{namlya{,oﬁr types: Purchasing Cost, Holding Cost, Setup Cost and
Shortage CO% We will%hrieﬂﬁ discuss these costs as follows:

1. | Purchase Costs |ﬁmhase cost is the price that is paid for purchasing an item. It
,3}.‘\ fay be“?gpstaﬁf per unit or may vary with the quantity purchased. If the cost is
N ‘tonstant, ‘}t does not affect the inventory control decision. However, the purchase
- éa'é_t,js definitely considered when it varies as in quantity discount situations. At
A*Thgne{??tfz‘; item is offered at a discount if the order size exceeds a certain amount,

J?ich is a factor in deciding how much to order.

\%ﬁ’ *Holding Costs|: It consists of Interest costs on capital (e.g. an interest has to be
N paid to the bank against the capital amount), Storage costs (e.g. rent for storage
and its ideal conditions i.e. heat, cold, pressure, light, etc. Note that, for the com-
pany’s own warehouse the rental cost is an opportunity cost i.e. theare T:s a possibility
to use the warehouse for other purposes is compromised), Depreciation costs (e.g.
this cost mainly associated with seasonal, fashion, chemical, fragile, etc. items),
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Pilferage costs (i.e. small theft performed repeated.ly over a lo?zg period of time e.g.
J ce supplies from their workplace every few
an employee stealing small amounts of offi P , e
days), Obsolescence costs (i.e. inventory has not been sold or use for a ot ghp y
of time and is not expected to be sold in the future. So the m:ventory a ; e ent
of its product life cycle. For example, clothing and apparel retazlgrs have the moq__‘:_:__ll‘
difficulty with obsolescence. As every season and every year clothing st:l{les chaw?ye. )
So the retailers can't afford to used outdated fashion due to decrease in sale’s.'-_l: It £
causes season sales as every reatiler want to get rid of the inventory bﬁ&ﬁ it t.ve- r\
comes obsolete and worthless to them), Handling costs (i.e. costs as‘chz'ated : wzth ity
movement of stock e.g. labour cost, fork lifter cost, cranes cost, battery .'tjmck, etc.'z',l{:_,
Record Keeping costs (i.e. costs associated with a systematic process that 'eh_ql;les the
accountability about the whole stock and its very important) anc;!-rTa'ﬁ:;insumﬂaz) costs
(i-e. taz liabiliies and costs associated with insurance cover against possible'loss from
damage, theft, fire, business interruption etc.) At '
& 1= v/
3. | Setup Costs|: These include the fized cost:as3ociated -ﬂ}i-t.h_';Pfﬂcinj 5 air anderor

setting up a machinery before starting productf&ﬁgg-\{tf includé_ﬁsavgﬁous clerical and
administrative costs (e.g. costs of purchase, mqﬁiﬁ;it@'an, follow up, receiving the
goods, quality control, cost of communications, salaﬁ'&.:s_ .of persons for accounting
and auditing, etc. i.e. Ordering costs). Setup costs are independent of the quantity

ordered although it directly pmportionalftb the number of orders placed.
Y

o 3,
> There is an inverse relationship fﬁétguegn ‘setup and holding cost. Higher the order
quantity reduces the cost due to setup (W.rit:'a given demand) but it will block capital
and related holding costs increases. .Consequently, lower the order quantity decreases
the block capital and related:holding:costs but it increases the number of ordering
and the consequent sctﬁj):’costs.:;ln inﬁ:entory management, we usually optimize these

two costs. £ v

4. | Shortage Costs|:..These costs are the damage due to lack of supply (i.e. backlog)
Jor a particular demand and the cost is usually proportional to the deficit items and
delay time. ‘Shortage ‘cost also includes the inadequacy to supply the demand at all
(i.e. demand ldst). It includes potential loss of income, cancelled orders, lost sales,
profit and the more subjective cost of loss in customer’s goodwill.

f Moreover, if the purchase cost is constant and independent of the quantity purchased,
Y. it.is'not considered in the model else it is considered in the model i.e., usually
““[Tnventory:Cost = Purchase cost + Holding cost + Setup cost + Shortage cost|. O

Ny ]
4.1.3 Inventory Control Problems
B Inventory modeling deals with detennining the level of a commodity that a business

must maintain to ensure smooth operation. | .
» The basis for the decision is a model that balances the cost of capital resulting from
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holding too muych j invent
» The Principal factor
Probabilistic. In real
deterministic approxi
» The complexity of
model that covers all
ous situations.

ory against the penalty cost resulting from inventory shortage.
affecting the solution is the nature of the demand: deterministic or
life, demand is usually probabilistic, but in some cases the simpler
mation may be acceptable.

the inventory problem does not allow the development of a general
possible situations. So we will use different model to represenb”’v::—i:i:‘:{f

‘Q’é ; ﬁi

B Usually an inventory model seeks three basic results: i) When to order Tﬁaw\ m11{°(§.h.:*)
to order and iii) How much safety stock. i N

> i) |When to order|: This is related to the lead time i.e. the time mterv\aﬂbetween the
placement of an order for an item and its receipt in stock. There should be enc?ugh stock

for each item so that customers’ orders can be reasonablyﬂxmet fron} thlS‘StDCk {intil refill

and this stock level is known as reorder level. P i A E-«
» ii) | How much to order |: This is related to both the holdmg and aetup .costs. An inven-
tory cost model balances these two costs. ‘\ Pl

» iii) | How much safety stock |} This is related to bdth the over-stock: and out-stock costs.
An inventory cost model balances these two costs.

B | Importance of Demand || The inventory control policy of’ ‘an organisation depends upon

the demand characteristics. The demand forkan item may be deterministic or probabilis-
tic. Also demand may or, may not vary over the time. The forecasting of demand is very
important and usually we assume four types. of demand in inventory modelling:

3 018

1. Deterministic and constant {s}aﬁic) with time.
2. Deterministic and va.rlable (dynamic) with time.
3. Probabilistic and statxonary“over ime (i.e. statistical properties are constant over

time). S8 Wiy
4. Probabilistic. Ja.nd n‘0n§tatmna.ry over time (i.e. statistical properties changes over
time). & Ly e A
& By 2

Now to develop an mventury model] the demand type 1 is the simplest after that the
complexlty_ﬁmcré‘a.ses res é’ctwely for type 2,3 and 4. However, in practical situation the
order Eé%rses . 48 most likely and 1° is less likely. So in modelling process one aim
&bfor a balance be tween model simplicity (not too simple to explain a practical situation
mefﬁcx‘gntly) ancfI model accuracy (not too complex to handle analytically).
piTarc choose”the demand type for inventory modelling we follow certain rules. Suppose
%we have’*a. monthly consumption data for a product for 10 years (say 2010 — 2020) i.e. 120
data points. Now to check the demand for a particular month we will find mean i.e. m
‘nndu—coeﬂiment of variation i.e. C.0.V. = 172~ x 100%. So there will be 12 m and C.0.V.
values w.r.t. each month by using 10 year data.
> We will use Type 1 demand if m is approximately constant and C.0.V. is less than 20%.
> We will use Type 2 demand if m is not approximately constant and C.0.V. is less than
20%.
> We will use Type 3 demand if m and C.0.V. are approximately constant and C.0.V
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eater than 20%.
ET We will use Type 4 demand if m and C.O.V. are not approximately constant and C.0.V
greater than 20%.

[Do It Yourself] 4.1. Suppose a hospital ordered first aid kit from a manufacturer duringr: R
each month for 8 years as follows: If the manufacturer want to forecast the future demand ff S
Monthly Number of First Aid Kit (in thousands) Consumption for 8 Yearls--' s f
Jan | Feb | Mar | Apr | May | June | July | Aug | Sep | Oct | .Nov |‘Dec '
2015 " 210 | 165 [ 106 | 130 |350 |205 |237 |391 | 374 |3317[362 | 2547

Year ||

2016 || 281 | 161 | 109 | 166 | 320 |246 | 240 | 355 | 382 [.355 | 354| 264

2017 275 | 148 | 116 | 172 | 287 | 231 | 222 | 353 333{' 35@1;.386 <| 300
2018 200 | 178 | 137 | 157 | 310 | 234 | 221 (352> 392'5?332 \383 287
2019 200 | 159 | 114 | 109 | 301 | 237 g44“ 389 '| 384 | 352 /381 | 273
2020 178 | 169 | 138 | 156 | 345 | 231 | 230 | 346,410 | 349 | 367 | 300

2021 (1276 | 146 | 107 (174 | 289 |201 | 234 (853 | 389.)|-335 | 375 | 247
2022 || 266 | 155 | 128 [ 184 | 208 | 202 | 232 '323n 407_| 347 | 381 | 276

Table 4.1: Data for Demand Type

using inventory modelling, which type of demand he will consider and why?

Example 4.1. Briefly write down various components of inventory models.

Y% Inventory models can be tdentzﬁed ‘with Iots of’ components. Here we are briefly dis-
cussing its components beiow i___ Paich

3 ¥ S .,'

\-.‘."-

» A) | Demand Ratel: It has mam!y four types

1. Deterministic and constant (static) with time.

2. Deterministic and variable. (dynamic) with time.

3. Probabilistic. and statzonaw over time (i.e. statistical properties are constant over
time). S !

4. Probabilistic and nonstationary over time (i.e. statistical properties changes over
time).

P
LI |
=

> B) Refslenishme‘ﬁt Type|: It has mainly two types

S g Instant mplemshment (rate infinite) i.e. lead time zero.

2. Non-mstant replenishment (rate finite) i.e. lead time non-zero. So stock gradually
N ‘increases.

» C)| Shortage Type|: It has mainly two types

1. Shortage not allowed i.e. inventory level never goes below zero.
2. Shortage allowed i.e. inventory level may goes below zero.

» D) lguantity Discount|: It has main!;r,_; two types
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1 ; : .
Quantity discount allowed i.e. inventory unit cost vary with respect to quantity.

2. Qﬂﬂﬂfity discount not allowed i.e. inventory unit cost does not vary with respect to
quantity.

_’ E) | Cost Related|: Based on the above components mainly four types of cost used in
tnventory models:

1. Purchase cost. (:— '?Q? ﬁ:)
2. Setup cost. v g ‘}““
3. Holding cost. {‘;"’::325\ Eies’
4. Shortage cost. O P \\“ .
LN
ATED \\

4.2 Deterministic Inventory M%dels; ?‘"». &

0 o
O Since a general inventory model is very comgléi\and may not be pgssible to solve ana-
lytically. So we will use different models to study’ Yarious Scenerio,
» For Deterministic Inventory Models two broad categbries are there: i) Demand rate is
constant and ii) Demand rate is variable. .
» The most common inventory situation faced by manufacﬁﬁfefé, retailers, and wholesalers
is that stock levels are depleted over time and then are replenished by the arrival of a batch
of new units. A simple model representing thig situation is the economic order quantity (EOQ)

model. A
B [Some Notations: | D = Demand rate "(ﬁ“ni*l;g;/@ime), I = No. of inventories, @ = Order
quantity (units) at each orderingcycle. =

5

» | Cost Notations: |G = Ruréhasé cos‘%“iér unit , C2 = Ordering cost (per order), C3 =
Holding cost per inventory per tixﬁngf = Shortage cost.

N
» [Time Notation§| t = O‘Hggjng cycle length (time), T = Total time to hold the in-
ventory. -~ 3 ¥
W

O | Some.Terms: ILead Time = Time between the placement of an order and its receip-
N tence, Reorder:Point = Inventory level at which the order is placed.
A =,

u

| ;4“’2‘31\6“‘]30(22 Model - I [A] (Shortage Not Allowed Type)

\0 [A] :{’Pema.nd Rate Uniform, Instant Replenishment.

‘?‘”i-”;:’“'vAn organisation must control its inventory for smooth performance. A basic inven-

tory situation focouses on stock levels that are decreasing with time and stock refill with new units.
A simple represenation of this situtaion can be explained through economic order quantity

(EOQ) model. The EOQ models are based on some elementary assumptions.

@ [ Assumptions|: The main assumptions of classical EOQ models are
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1. A known constant demand rate (D). ) .

2. Instantaneous order (quantity Q) replenishment (resjtoratlon of a stock) ‘*f-- replen-
ish rate infinite. In other words, lead time is 0 i.e. instantaneous order placed and
received. .

3. No shortages are allowed i.e. Inventory cost = Purchase + Setup + Holding. O

#TT0T
g e,

The objective of EOQ model is to determine the frequency of order i:e. .wheﬂ and by ho ._.11‘1‘11}01&1\53
(i.e. number of unit) we should order the inventory so that it minimizes the sum of these /4

costs per unit time. R ._.‘1\.{_‘. ‘}‘:‘-,; w
. __.f"',_\__'c_’ h \n..
B | Objective | The main target of classical EOQ models are to determine »L\ R 0
1. The frequency of order i.e. optimal ordering cycle length (). =%, e

2. The number of unit in each order i.e. optimum order quantif‘.y_l umts( Q)} ¥ .
ordering cycle. O a5 Tty T A o

L

4

Suppose units of the product under consideratiio;p,are assumed to be withdrawn from
inventory continuously at a known constant rate D per. unit time'?(ggsdmption 1). It is
further assumed that inventory is replenished when needed by ordering a batch of fixed

size (Q units), where all Q units arrive simultaneously (Assumption 2) at the desired time
(Assumption 3). The time between consecutive replenishmedr,itg of inventory is referred
to as a cycle (t). For the basic EOQ model,:the only costs to be considered are: C, =
Purchase cost per unit , C; = Ordering cost (per order), C3 = Holding cost per inventory
per time. For the fixed demand rate, shortages éf;.n be avoided by replenishing inventory
each time the inventory level drops to zero (See:Figure 4.1), and this also will minimize

the holding cost. We assume the costof the items remains constant over time i.e. no
quantity discounts. ; e A

i R P

From the schematic diagram (Figure 4.1) it is observed that, x-axis represents time
and y-axis represents inventory level. At the begining, we start fixed Q units (see the
line OB) of inventory-and as time goes, the inventory decreases with a constant demand
rate D i.e. at an instance ¢; the (Q — D x t;) units of inventory present in the store.
Also the inventory units goes Yo zero at the end of the cycle (i.e. after time t) it implies
Q-Dxt=0=Q =Dt So the total holding inventory units during the time ¢ i.e. the
cycle length OA'is = the'area of the triangle OAB = &.

S Ar t. " A i.e. after the first cycle having length t, the inventory goes to zero
and instant restoration the stock with Q units (see the line AB;). The process continues

#....upto'n ‘orders. ~

So, the various costs for the first cycle (i.e. per cycle) are:

Purchase cost = Item units x Cost ﬂ item = QC1, Setup Cost = Cs, Holding Cost =
Inventory units x Cost per item = 2433, 5

So the total cost per cycle = QC; + C2 + 9-‘221 =DCit+Cs + Qc'ﬁgat_'

Hence, the total cost per unit time is C = DC + @ + 29Cat,

C C;C - 2C
NowwewillminimizeCwithresPecttot,%f—=0=>—7§+-D—2L-ﬂ=0=> t = D‘CI%‘;
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Figure 4.1: Inventory Situation with uml'on‘;";demund rate and instantaneous order replenish-
ment. / \
Further, €>0ate= D%C-;%; Ry "

»

The optimal time interval,of orderm/g}r,"*c}cle length (say topt) is

topt = D%'c{'%fs' i
: A2 gy 3 _ _ [2C.D
The optimal order quantity, (or, lot. s:ze) (say Qopt) is | Qopt = Dtopt = \/ Tith |

& \.«
The above exp;éx% is’known as economic order quantity formula or, square root
formula. Nl

Example 4. 2.‘\Wn e down some limitations of EOQ model.

_’é@‘t‘;\%}’EOQ Model - I [B] (Shortage Not Allowed Type)

¢ [B]: Demand Rate Non-Uniform, Instant Replenishment.

\\JAn organisation must control its inventory for smooth performance. A basic inven-

tory situation focouses on stock levels that are decreasing with time and stock refill with new units.
A simple represenation of this situtaion can be explained through economic order quantity

(EOQ) model. The EOQ models are based on some elementary assumptions.

B | Assumptions | The main assumptions of the above EOQ models are
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1. A nousunlform domand ratg at each eycls with total demand Dp.

2. Tnsbantancous ordor (quantity Q) replenishment, (restoration of a stock) f.e. replen-

wh rato Infinlte, In other words, Tead time T 0 1e. instantancous order placed and
rocolvo,

3. No shortagos are allowed 1.0, tory conl, = Purchase + Setup + Holding. O
o shortugos aro allowed 1.e. Invontory -~

9.

‘-,‘ ;-I;.
Tha objective of BOC model s to determine the frequency of order i.e. when and by.how much
(i.o. mumber of unit) wo should order

he Inventory #o that, it minimizes the total costs -
por unit timo, 0 o
B | Objoctivo

A

+ The main target of the EOQ model (1[B]) are to determine
/ X

£, % O &

A m ) Nal

1. Tho frequency of order i.c. optimal ordering cycle length (t). jI-Iov.réver, it will
not applicablo here s cycle lengths are different due to'non-uniform demand.

2. The ] it in e

der i.c. optimum order quantity (fixed) units (Q) at
cach ordering cycle. O '

Suppose units of the
from inventory continuousl
cycle of length ¢y,ts,- - -
isT =1t + ..

product under consideration are assumed to be withdrawn
y at non-uniform rate Dy,D,,--. , D, corresponding to the
ytn_Tespectively per unit. time (Assumption 1). The total time
*+ip and nQ = Dp=.n = %— It is further assumed that inventory is
replenished when needed by ordering a batch of fixed size (Q units), where all Q units

arrive simultaneously (Assumption 2) at the desired time (Assumption 3). The time
between consecutive replenishments of inventory is referred to as a cycle and we assume
n cycles are there i.e. there will be n orders. For the above EOQ model, the only costs
to be considered are: ‘Cy = Purchase cost per unit, C, = Ordering cost (per order), C; =
Holding cost per inventory per time. For the non-uniform demand rate, shortages can be

avoided by repléhiét}ipg inventory each time the inventory level drops to zero (See Figure
4.2), and this also will minimize the holding cost. We assume the cost of the items remains
constant over time.i.e. no quantity discounts.

From the schematic diagram (Figure 4.2) it is observed that, x-
and y-axis represents inventory level. At the begining,
< line OB) of inventory and as time goes, the inventory d

‘rate Dy i.e. at an instance ¢ the (Q-D; %

Algo the inventory units goes to zero at the end of the cycle (i.e. after time ¢;) it implies
Q-Di xt; =0=Q = D;t;. So the total holding inventory units during the time ¢, i.e.
the cycle length OA is = the area of the triangle OAB = %‘-l

axis represents time
we start fixed Q units (see the
ecreases with a constant demand
t) units of inventory present in the store.

At the point A i.c. after the first cycle having length 1, the inventory goes to zero
and instant restoration the stock with Q units (see the line AB,). The process continues
upto n orders.

118 CHAPTER 4. INVENTORY MANAGEMENT



42, DETE
ZTERMINISTIC INVENTORY MODELS _ Sourav Rans, Visv-Bharat

- A
Q
>
Q
-
e
3
c
Q
>
=
B B1 B2
o, |
0,
JQ
' |
. -2
. A
; A A Time
< Cycle Length (t1)>p¢— =< Cycle Length (ta)——-"
R
& 4 i order replen-
Figure 4.2: Inventory Situstion with non-uniform demand rate and instantaneous
ishment. ; \
4-(" "-3\‘\-.

ous costs for the first“cycle (e perieycle) ar ' _
?’Lﬁ:s?;st = Jtem units x@ost eg 11';3m QC, Setup Cost = Cy, Holding Cost
t
Inventory units x Cost p Titem = = c
= b 40,
So the total cost per cycle Q01 + o . )
Hence, the total cost for ngcycles is C = nQCy +nC: + Qﬁ(tl + .- +ty) = DrCi +

£ \\ ' =0= Q _ /2DrC.
Now we will mnmmlze C mth respect to Q,4 E'ZJ =0= —5,-2 + = _O?,‘Tz |

F\lrther':‘g? >0 at"Q'— %ﬁl
5N N =
""“““'}I‘he op\%{gl\il ::d}er quantity (or, lot size) (say Qopt) 18 | Qopt = 1/ —gﬁ.l !

Tﬁ';:ﬁ’tlmal cost (say Copt) is | Copt = DrC1 + —5;;1 + —"’;"’2@ = DpCy + V2DrCoCsT |

-l
4.2.3 EOQ Model - I [C] (Shortage Not Allowed Type)

¢ [C]: Demand Rate Uniform, Non Instant Replenishment.

An organisation must control its inventory for smooth performance. A basic inven-
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tory situation focouses on stock levels that are decreasing with time and stock refill with new units.

A simple represenation of this situtaion can be explained through economic order quantity
(EOQ) model. The EOQ models are based on some elementary assumptions.

Assumptions [ The main assumptions of the above EOQ models are

1. A uniform demand rate at each cycle with demand rate D. il

2. Non Instantaneous order replenishment (restoration of a stock) i.e. replenish rﬁate _.:‘

finite. Here each cycle has two parts: First part starts with zero inventory and
inventory increases with a specific rate (I) upto certain time (say ¢1) (while demand %
is simultaneously acting). Second part there will be no supply of inventory, demand
continues and after a certain time (say 2) the inventory goes to zero. So‘each cycle
has length ¢ = t; + 2. Same continues in all the cycle. i

3. No shortages are allowed i.e. Inventory cost = Purchase + Setup + Holdmg EI

The objective of EOQ model is to determine the frequency of order i.e. when and by how much

(i.e. number of unit) we should order the mventory 80 that 1t mmnmzes ‘the total costs
per unit time. 0 e }

q'\..

Objective | The main target of the EOQ model (I[C]) are. to determme

1. The optimal cycle length ().
2. The number of unit in each order i.e. optlmum order quantlty units (Q) at each
cycle. O P \

Suppose units of the product under’ conmderatlon are assumed to be withdrawn
from inventory continuously at an uniform rate ‘Diat each cycle of length ¢ per unit time
(Assumption 1). The total item produced is-@Q.= D x t. It is further assumed that in
each cycle lenth ¢, inventory is replenished -with a rate I per time (> D as no shortage
allowed by Assumption 3) for time #;, -andthe remaining inventory units (say Q) goes to
zero at time t9 with demand rate D such that ¢ = £; + t2. The time between consecutive
replenishments of inventory is referred to as a cycle and we assume n cycles are there.
For the above EOQ model, the only costs to be considered are: C; = Purchase cost per
unit, Cp = Ordermg cost (per order), C3 = Holding cost per inventory per time. For the
uniform demand rate; shorta.ges can be avoided by replenishing inventory each time the

inventory: level drops to zero (See Figure 4.3), and this also will minimize the holding cost.

.+~ “We.assume the cost of the items remains constant over time i.e. no quantity discounts.

E'om the schematic diagram (Figure 4.3) it is observed that, x-axis represents time

+. .and y-a.xls represents inventory level. At the begining, we start from zero units (see the

! 'pOmt O) of inventory with replenishment rate I and demand rate D per unit time (I > D)
upto time: 4. At the point E, the inventory present is BE = Q, units. After t; unit of
time7there will be no inventory replenishment, only demand with rate D, an instance t”
the (Q, — D x t"”) units of inventory present in the store. Also the inventory units goes to
zero at the end of the cycle (i.e. after time tg) it unplles Qr — D xty =0= Q, = Dis.

I-D I-D)Dt
Again, at point B, (I — D)t; = Qr ie. =5~ = =>1j ‘—'>¢1=7‘=> Qr=1—1)—-
So the total holding inventory units during the time £t = t1 + t3 i.e. the cycle length O/
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is = the area of the triangle OAB = %Lt

At the point A i.e. after the first cycle having length ¢, the inventory goes to zero
and inventory replenishment with rate I upto AE; (demand acts simultaneously) and then
inventory decreases due to demand upto EjA;. The process continues upto n orders.

)
S
0
J
e
S
c
S
E
_ B B1 B2
Qr
\lr ~
e H_—Sleb

0 E A 1Al E2 A - °
< Cycle Length (t) =|< Cycle Length (t) =|<- Cycle Length (t) > Time

Figure 4.3: Inventory Situation with uniform demand rate and non-instantaneous order replen-
ishment.

So, the various costs for the first-cycle (i.e. per cycle) are:

Purchase cost = Item units x-Cost per item = DtC1, Setup Cost = C», Holding Cost =
Inventory units x Cost per item = 9%21

So the total cost per cycle = DtCy + Ca + QL%Q =DtC, +Cy + 4 —Dzlft"’c's )
Hence, the total cost per cycle per unit time is C = DC; + (_';2 + i-'_—_DZ)ID_*Cé.

Now we will minimize C with respect tot, ‘fi—‘f =0= —%+£%IDM‘1 =0=|t= 1/(1_—25%?3 A

_~Further, %?- >0att=,/ (_yf_zzlycnca'

" The gptimal cycle length (say top:) is |topt = U_—%%a :

The optimal order quantity (or, lot size) (say Qopt) i8 | Qopt = Ditopr = (}"fﬁgcé.; .

—_ 2
The optimal cost per cycle (say Copt) is | Copt = DioptC1 + Ca + E_D_);)It_aL& _
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4.2.4 EOQ Model - IT [A] (Shortage Allowed Type)

¢ [A]: Demand Rate Uniform, Instant Replenishment, Shortage Allowed.

An organisation must control its inventory for smooth performance. A basic inven-
tory situation focouses on stock levels that are decreasing with time and stock refill with new units.
A simple represenation of this situtaion can be explained through economic order quantity '
(EOQ) model. The EOQ models are based on some elementary assumptions. b,

Assumptions | The main assumptions of the above EOQ models are #

1. A uniform demand rate at each cycle with demand rate D. :

2. Instantaneous order (quantity Q) replenishment (restoration of a stock) i.e. replen-
ish rate infinite. In other words, lead time is 0 i.e. instantaneous order placed and
received. A ]

3. Shortages are allowed i.e. Inventory cost = Purchése + Setup + Holding # Shortage.
Now, the total cycle lenth ¢ can be split into two parts: ¢; i.e. after which inventory
remains zero and ty i.e. upto that time there is-shortage of inventory. In that %2
time period, the demand accumulated and after t» time @ units of replenishment
inventory instantly arrives. So t = t; + t2 in t; part there will be holding cost and
no shortage cost, whereas in t; part there will be shortage cost and no holding cost.
O

The objective of EOQ model is to determine the frequency of order i.e. when and by how much
(i.e. number of unit) we should order the inventory so that it minimizes the total costs
per unit time. ‘

O | Objective || The main target of the EOQ model (II[A]) are to determine

1. The optimal cycle length (2).

2. The number of unit in each order i.e. optimum order quantity units (Q) at each
cycle.

3. Also the optimum shortage unit in each cycle. O

Suppose units of the product under consideration are assumed to be withdrawn
from inventory continuously at an uniform rate D at each cycle of length ¢ per unit time
(Assumption 1). The total item ordered is @ = D x t. It is further assumed that in
each cycle lenth t, inventory is replenished instantly with @ units (Assumption 2). With
a demand rate D per time for time t; the inventory goes to zero, and for time t» with
demand rate D there is a shortage of inventory (as shortage allowed by Assumption 3)
such that ¢t = t; +t2. The time between consecutive replenishments of inventory is referred
to as a cycle and we assume n cycles are there. For the above EOQ model, the only costs
to be considered are: C'j = Purchase cost per unit, C2 = Ordering cost (per order), Cs
= Holding cost per inventory per time, C4y = Shortage cost per inventory per time. For
the uniform demand rate with shortages usually inventory replenishing each time after
there is some shortage upto a certain time (See Figure 4.4), and this also will lower the

holding cost. We assume the cost of the items remains constant over time i.e. no quantity
discounts.
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From the schematic diagram (Figure 4.4) it is observed that, x-axis represents time
and y-axis represents inventory level. At the begining, we start from Q' units (see the line
OB) with demand rate D per unit time, at time ¢; the Q’ unit reduces to zero (at point A).
So at the point A, Q' = Dt;. After t; unit of time, there will be no inventory, only demand
with rate D, so a shortage continue for the time t2. At the point F', @ unit of inventory
(i.e. B1E) instantly added in the system. So, at point F, Q — Dt; = @' = Q = Dt. So;.
the total holding inventory units during the time ¢; is the area of triangle OAB = Ql N,
inventory shortage during time t; is the area of the triangle AEF = Q—zq—)t— and.the cyclp
length OF is = t = t; + t». | e =T
> Here consider similar triangles EB; F; and F'B; A;, then we have:

BF_FA ’_ = 't_ ]
BE=t=>%=4%=>n=%=%

. AR _ FRE .ty _ Q-Q _(@-@"t
Agmn-ﬁlﬁk——gl—g:?-f—gé—#tg— )

At the point F'i.e. after the first cycle having 1ength t, the inventory goes to negative
value (i.e. deficit EF) and inventory replemshment instantly Q units (i.e. EB;). The
process continues upto n orders.

=

inventory Level

0 —
2

W

Time

<—— Cycle Length (t) ——>{<—— Cycle Length (t) ——>

) Figu'ré 4.4: Inventory situation with uniform demand rate, instantaneous order replenishment
and shortage allowed.

So, the various costs for the first cycle is:
Purchase cost = Item units x Cost per item = QC}, Setup Cost = Cy, Holding Cost =
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Inventory units X Cost per item = 932151, Shortage Cost = Inventory shortage units x
Shortage cost per item = M

So the total cost per cycle = ch +C+ 4 ‘103 + &= Ql)t’c“ = DtCy + C2 + +

!9 Q.; F’tc\‘
2 .

2 —0')2 .
Hence, the total cost per cycle per unit time is C = DC) + (—Z‘ + QTQC-‘l + %Lg =

DCy + G + S 4 Q-2

Now we will minimize C' with respect to @ and Q' 90 — 0 and 2 3@" =
% %Q"‘FJXQ?(Q 9Le- Q’)z —0=>202D+Q'203+C4(Q'2

Now,w—0=>
Q") =0 : _
o:%ﬁ GUx2=9) _ 0% QCy = (Q-Q)Cs = QCu= Q(G5+Ca) - (2)

Solving (1) and (2), we have (Q%>—Q?)Cy—Q?Cs = 203D #"Qﬂ{[gc—agz%— ._1]04.-—03} =
201D Q’?ﬂ%—"’“ﬁ""""‘l—Cs} = 20,0 = QUEER%) = 2030 | = /B2 /o
So by (2), \/2—02—\/9’3(;‘3'l )
Further, §25 256 — 555 > 02t Q = /232, /4G, ' = \/2—0—&~\/—ﬂcr

The optimal order quantity (or, lot size) (say Qopt) is | Qopt = \/ 2—%3—— \r&: C3tCy |
The optimal shortage (say Sopt = Qopt—Qopt) 18 Sop, = %Q\/ mgﬁm \/ 2C;D \/ |
The optimal cycle length (say topt) is|topt = —%L‘ = \/&ED \/QCT’TC‘l :

) 2 toptC 52 tomC.
The optimal cost per cycle (say Copt) is | Copt = DtoptC1 + Ca + —éE;’Lﬁa + —%% -

4.2.5 EOQ Model - II [B] (Shortage Allowed Type)

¢ [B]: Demand Rate Uniform, Instant Replenishment, Shortage Allowed, Fixed cycle
length.

An organisation must control its inventory for smooth performance. A basic inven-
tory situation focouses on stock levels that are decreasing with time and stock refill with new units.
A simple represenation of this situtaion can be explained through economic order quantity
(EOQ) model. The EOQ models are based on some elementary assumptions.

O | Assumptions | The main assumptions of the above EOQ models are

1. A uniform demand rate at each cycle with demand rate D.
2. Instantaneous order (quantity Q) replenishment (restoration of a stock) i.e. replen-
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ish l:ate infinite. In other words, lead time is 0 i.e. instantaneous order placed and
received,

M are allowed i.e. Inventory cost = Purchase + Setup + Holding + Shortage.

OW,. the total cycle lenth ¢ can be split into two parts: ¢; i.e. after which inventory
Temains zero and ¢, i.e. upto that time there is shortage of inventory. In that t2
fslme period, the demand accumulated and after t; time @ units of replenishment
Inventory instantly arrives. So t = ¢; + to in # part there will be holding cost and
119 shortage cost, whereas in t part there will be shortage cost and no holding cost.
4. Fixed cycle length i.e. t is fixed = Q is fixed as Q=Dxt. O N ‘

The objective of EOQ model is to determine the frequency of order i.e. wht;n' and by how much

(ie. number of unit) we should order the inventory so that it minimizes the total costs
Per unit time. '

@ | Objective | The main target of the EOQ model (II[B]) are to determine

1. The optimal cycle length (). However, it‘is not applicable as ¢ is fixed.

2. The number of unit in each order i.e. optimum order quantity units (Q) at each
cycle. However, it is not applicable as Q is fixed: ‘

3. Also the optimum shortage unit in each cycle. O

Suppose units of the product under consideration are assumed to be withdrawn
from inventory continuously at an uniform rate D at each cycle of length ¢ per unit time
(Assumption 1). The total item ordered is |Q = D x t|. It is further assumed that in
each fixed cycle lenth ¢ (Assumption 4), inventory is replenished instantly with Q units
(Assumption 2). With a demand rate D per time for time ¢; the inventory goes to zero,
and for time t; with demand rate D there is a shortage of inventory (as shortage allowed
by Assumption 3) such that/t ='t{/+ t;. The time between consecutive replenishments of
inventory is referred to-as a cycle and we assume n cycles are there. For the above EQQ
model, the only costs to be considered are: C; = Purchase cost per unit, C2 = Ordering
cost (per order), C3 = Holding cost per inventory per time, Cy = Shortage cost per inven-
tory per time. For the uniform demand rate with shortages usually inventory replenishing
each time after there is some shortage upto a certain time (See Figure 4.5), and this also
will lower the holding cost. We assume the cost of the items remains constant over time
i.e. no quantity discounts.

From the schematic diagram (Figure 4.5) it is observed that, x-axis represents time
and y-axis représents inventory level. At the begining, we start from Q' units (see the line
o) B) with demand rate D per unit time, at time ¢; the Q' unit reduces to zero (at point A).
" So at the point A, @' = Dt;. After t; unit of time, there will be no inventory, only demand
.with rate D, so a shortage continue for the time ¢;. At the point F, Q unit of inventory

(ie. B1E) instantly added in the system. So, at point F, Q — Dty = Q' = Q = Dt. So
the total holding inventory units during the time ¢; is the area of triangle OAB = 9—;‘—1,
inventory shortage during time 3 is the area of the triangle AEF = KQ"—,?')E and the cycle
length OF is =t = t; + t3 is fixed.

» Here consider similar triangles EB; E; and FB; A;, then we have:
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BE=m=>%=Y= h=%=9

in ALF x =
Agmn?.#z%%_—;%=9_09:=> ty = (@-Qt|

At the point Fi.e. after the first cycle having length ¢, the inventory goes to negative

value (i.e. deficit EF) and inventory replenishment instantly @ units (i.e. EB;). The
process continues upto n orders. -

- A
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-
2
L
o
>
&=
B

-<——-—t1-——-a-A

1
\_E_T Time

<—— Cycle Length (t) —

\

<—— Cycle Length () —>

Figure 4.5: Inventory situation with uniform demand rate, instantaneous or

de i
and shortage allowed. Fixed cycle length. T replenishment

So, the various costs for the first cycle is:
Purchase cost = Item units x Cost par gt.em = QC1, Setup Cost = O, Holding Cost =
Inventory units x Cost per item = @40  Shortage Cost = Invento

ry shortage units x

~Q')t2C.
Shortage cost per item = (Q-g )i, o e
So_the total cost per cycle = QC1 + Gy + 4% + (@&=QG _ py | o | Qucs
!Q_Qi'gzw‘ :

. ¥ % . — C 2 ,
Hence, the total cost per CYfle per unit time is C = DC; + 2 + L Q:%& -
DCl+C‘D+ ;30 ¥ -Q' 6'4.

Since, t is fixed = Q is fixed. So the first two terms of C' are constant.
Now we will minimize C with respect to @', i.e. S =0.

Now, 8§ = 0= 4.8 - G x 22 — 0= Q1 = (@-Q)C4 = Q0 = Q/(Cy+0) =
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) _ _QCs
Q= C3+Cq |
Further, $=7% ‘FC >0at Q = UQTC%Z.

The optlma.l shortage (say Sopt = Q@ — Qppt) 18 | Sopt = Q — 03 +c'4 (_J?%i a’?';%; .

The optimal cost per cycle (say Copt) is | Copt = DtC1 + Co + % gtc Jopt 3 4 -S—“,f# '

4.2.6 EOQ Model - II [C] (Shortage Allowed Type)

¢ [C]: Demand Rate »Uniform, Non Instant Replenishment, Shortage Allowed.

An organisation must control its inventory for smoeth perférmanée A basic inven-
tory situation focouses on stock levels that are decreasing with time and stock refill with new units.
A simple represenation of this situtaion can be explalned through economic order quantity
(EOQ) model. The EOQ models are based on some elementary assumptmns

~ B | Assumptions | The main assumptions of the above EOQ models are

1. A uniform demand rate at each cycle with dema.nd fate D.

2. Non Instantaneous order replenishment (restoration of a stock) i.e. replenish rate
finite. Here each cycle has two parts; First part starts with zero inventory and
inventory increases with a specific rate () upto certain time (say ¢;) (while demand
is simultaneously acting). Second 'péxrt‘_t}\iere will be no supply of inventory, demand
continues and after a certain-time (say t3) the inventory goes to zero.

3. Shortages are allowed i.ei Inventory cost = Purchase + Setup + Holding + Shortage.
Now, the total cycle Jenth ¢ can bé split into two parts: t; + t2 i.e. after which
inventory remains zero and t3+ 4 i.e. upto that time there is shortage of inventory.
In that t3 + 4 sho}‘tage time period, upto t3 time there is a shortage and no supply
of inventory. After t3 the supply of inventory started and upto ¢4 time the inventory
again goes to zero from.the shortage. So ¢t = t1+13+1t3+14 in {1 +¢2 part there will
be holding cost and no shortage cost, whereas in t3 + t4 part there will be shortage
cost. and no holding cost. So each cycle has length ¢ = t; + ¢2 + &3 + ¢4. Same
gontinues in all the cycle. O

“"Phe objective of EOQ model is to determine the frequency of order i.e. when and by how much
(i.e- number of unit) we should order the inventory so that it minimizes the total costs
-~ per unit time.
x ] Obje;ctive I: The main target of the EOQ model (II[C]) are to determine
1. The optimal cycle length (t).
2. The number of unit in each order i.e. optimum order quantity units (Q) at each

cycle.
3. Also the optimum shortage unit in each cycle. [

Suppose units of the product under consideration are assumed to be withdrawn

_y
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from inventory continuously at an uniform rate D at each cycle of length ¢ per unit time
(Assumption 1). The total item ordered is Q@ = I x (1 +t4) | It is further assumed that

in each cycle length ¢, inventory is replenished with a rate I per time (> D <?the.rw13e the
system always runs with shortage) for time t; (Assumption 2), and the remaining Inventory
units (say Qr) goes to zero at time t with the demand rate D. For time t3 with dc?ma.nd
rate D there is a shortage of inventory (as shortage allowed by Assumption 3) with no
replinishment rate. Lastly, for time t4 with demand rate D there is a shortage of inventqry
with replinishment rate I per time such that at the end of time t4 the inventory units
goes to zero from shortage. The time between consecutive replenishments of inventory is
referred to as a cycle and we assume n cycles are there. For the above EOQ model, the only
costs to be considered are: C; = Purchase cost per unit, Co = Ordering cost (per order),
C3 = Holding cost per inventory per time, Cy = Shortage cost per inventory per time.
For the uniform demand rate with shortages usually inventory replenishing with respect
to time after there is some shortage upto a certain time (See Figure 4.6), and this also

will lower the holding cost. We assume the cost of t-he items remains constant over time
i.e. no quantity discounts. ‘

From the schematic diagram (Figure 4.6) it is observed that, x-axis represents time
and y-axis represents inventory level. At the begining, we start from zero units (see the
point O) of inventory replenishment rate I and demand rate D per unit time (I > D),
upto time £;. At the point E, the inventory present is BE = Qr units. After t1 unit
of time, there will be no inventory replenishment, only demand with rate D, an instance
t" the (Q, — D x ") units of inventory present in the store. Also the inventory units
goes to zero at the end of the cycle (i.e. after time t5) it implies Q, — D x to =0 =
Qr=Dty --- (1)| Again, at point B, |(I =Nty =Q, - (2)] So the Q, unit re-
duces to zero at point A. After t; 4 t2 unit of time (i.e. after point A), there will be no
inventory, only demand with rate D, so a shortage continue for the time t3 with a deficit
FH = § units. After thepoint H, inventory added with rate J units per time upto t4 time
and the inventory units again goes to zero (see point G) from the shortage. So at the point

A, Qr—Dt;=0,|S—Dt3g=0 -+ (3)| Again, at point H, Dts = (I — D)ty. Also at
G,|S—(I—-D)ty=0 --- (4)| From (1), (3) we have QT+S=D(t2+t3) O}
and from (2), (4) we have{Q, + S = (I — D)(t; +t5) --. (6) | So from (5), (6) we have

‘D(.tg T == D)(t1 +t4) --- (7)| Further, from (6) we have@Q - (8)}

- 8o the total holding inventory units during the time ¢
OAB = Q_.r(t_;+_t22, inventory shortage during time t3 + ¢4 is the areg, of the triangle AHG

= Slstt) and cycle length OG is =t =ty + by + b3+ ty = (¢, + t)(L + 152). [using (7]
It implies t = 4 x § = § [using @ = I(ti +1a)] ie. [t=F .. (9)]
At the point G i.e. after the first cycle having length ¢, the inventory goes to zero

and inventory replenishment with rate I per units per time. The process continues upto
n orders.

1+ 12 is the area of triangle
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Figure 4.6: Inventory situation with umform demand rate, non—mstantaneous order replenish-
ment and shortage allowed.

So, the various costs for the first cycle i is:
Purchase cost = Item unLts X Cost Qper 1tem QC1, Setup Cost = Cy, Holding Cost =
Inventory units x Cost per item = - “H’ Qr(tr+t2)Cs ghortage Cost = Inventory shortage units

x Shortage cost per item = Ssta+t4)c,'4
So the total cost/5ex cycle B.6/= QCy + Oy + Lligialds o MGIR = DiCy + C; +

Uy + ) + 554(5 +15p) [Using (D-10)
It nnphes, C = DtCy + C» + 9 —(T_Taj g 2 DD

Hence, the total cost per cycle per unit time is C = DCy + —3 4 2: -50_—5,5
_(7_7 Now there is relation (8) between Q and Q; so we will replace Q- by Q. We

ﬂs& réplace t using (9), so we get

2
Therefore, |C = DCy + Qg’ + LQQ—% -5y + %—‘U—[—Dj
“Now-C has two unknown components S and Q. So we will minimize C with respect to S

and Q, i.e. % Oandac 0.
I-Do_
Now, 5 =0= L%ﬂ‘é +3% L = 02 [152Q-51Cs = SCi = 52Q =

OfOig = § = 5% 52 - (10).
% — 0= -2 + (132 - Gl - S oy = 0= 5 = G5 - iy
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- c: (-Dp = DG _ 0,IzD _
&(Cs+C) = B2 = ColiP — il x B CPR(Cy + Co) = 2 = ol
- CatCiy DI
= R =GP x 9 510 = 0,50 x |25 |

So by (10), S=\/C—f(g§%a)-x\/ggf—l)l.

2 2 2 1 _ ZCC ﬂl__.l_)l
Further, 533 557 — sass > 00t Q = /20,538 x /2L, 5= | /720G~ x /2LD),

. . . . I
The optimal order quantity (or, lot size) (say Qopt) is | Qopt = \/ 202%5‘%%1 X \/ o}

The optimal cycle length (say top) is topt = Q—BL‘ = 1/202%3%‘1 X \/mll—_Di 5
The optimal shortage (say SHop = Dtg + (I — D)t4, now use the relation at point H ) is

D(I-D
SHope = 2Dty = 25, = 2, [3%Cy | [DED] |

i : _ DC 552 Qopt—Sopt]2Cs I S2.,Cs
The optimal cost per cycle (say Copt) is|Copt = DC; + bo—p% + 1 ;”Qém” 7=y + —OLZ’Q@: =l

4.3 Quantity Discount Model

O Here the quantity cost reduced if larger quantity ordered. This is also
discount or, price break models. For

: known as quantity
example, if we buy 5000 pens then the cost Rs. 10
per pen, for 5001 to 8000 the cost is

per pen.

Rs. 9.5 per pen and 8000 — 15000 the cost is Rs. 9.25
> Now in each cycle what will be the optimal

quantity unit such that maximum quantity
discount avail with the minimum storage cost. Also the optimum cycle lenth is equally
important.

4.3.1 Discount EOQ Model - I [A] (No Shortage)

¢ [A]: Demand Rate Uniform, Instant Replenishment,.

An organisation must control its inventory for smooth Performance. A basic inven-
tory situation focouses on stock levels that are decreasing with time and stock
A simple represenation of this situtaion can be explained thy

d thoeo— - StocX refill with new units.
ough econg

mic ord
tary assumptiong.
a Bsﬁhmptions : The main assumptions of classical EOQ models are

(EOQ) model. The EOQ models are based on some elemen ©T quantity

1. A known constant demand rate (D).

2. Instantaneous order (quantity Q) replenishment_ (restoration of a stock) i.e. replen-
ish rate infinite. In other words, lead time is 0 i.e. instantaneous order placed and
received.
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3. No shortages are allowed i.e. Inventory cost = Purchase + Setup + Holding. O

The objective of EOQ model is to determine the frequency of order i.e. when and by how much

(i.e. number of unit) we should order the inventory so that it minimizes the sum of these
costs per unit time.

B | Objective | The main target of classical EOQ models are to determine

1. The frequency of order i.e. optimal ordering cycle length (t).

2. The number of unit in each order i.e. optimum order quantity units (Q) at each
ordering cycle. O

Suppose units of the product under consideration are assumed to be withdrawn from
inventory continuously at a known constant rate D per unit time (Assumption 1). It is
further assumed that inventory is replenished when needed by ordering a batch of fixed
size (Q units), where all Q units arrive simultaneously (Assumption 2) at the desired time
(Assumption 3). The time between consecutive replenishments of inventory is referred
to as a cycle (t). For the basic EOQ model, the only costs to be considered are: Cj
= Purchase cost per unit | (later we will modify as quantity discount) || C2 = Ordering
cost (per order), C3 = Holding cost per inventory per time. For the fixed demand rate,
shortages can be avoided by replenishing inventory each time the inventory level drops to
zero (See Figure 4.7), and this also will minimize the holding cost. We assume the cost of
the items are not constant over time i.e. there are quantity discounts.

From the schematic diagram (Figure 4.7) it is observed that, x-axis represents time
and y-axis represents inventory level. At the begining, we start fixed Q units (see the
line OB) of inventory and as time goes, the inventory decreases with a constant demand
rate D i.e. at an instance t; the (Q — D' x t;) units of inventory present in the store.
Also the inventory units goes to zero at the end of the cycle (i.e. after time t) it implies

Q-Dxt=0=|Q= Dtlli So the total holding inventory units during the time ¢ i.e. the
cycle length OA is = the area of the triangle OAB = .

At the point A ie. after the first cycle having length ¢, the inventory goes to zero

and instant restoration the stock with Q units (see the line AB,). The process continues
upto n orders.

~~So, the various costs for the first cycle (i.e. per cycle) are:

Purchase cost = Item units x Cost per item = QC}, Setup Cost = Cs, Holding Cost =
__Inventory units x Cost per item = 9.

~—~"So the total cost per cycle = QC; + Cs + Qt2_0g = DCit + Cy + 2% t2
. Hence, the total cost per unit time is C = DC; + $ + 25t — pCy + 92,2 +99

"~

Now we will minimize C with respect to t, 9& = 0= -3 + 28 — 0 =
dt t 2

Further, ‘%?— >0att= \/%t%
The optimal time interval of ordering or, cycle length (say topt) is |top: = %%g— :
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Figure 4.7: Inventory Situation with uniform demand rate and insta

ntaneous order replenish-

The optimal order quantity (or, lot size) (say Qp) is

- —  /2C,D
Qopt = Dtopy = 1/13—J.

o [Inclusion of Quantity Discount : ISuppqse there is a quantity discount i.e. the purchase
cost C; vary with respect to Q. Suppose for purchasing [0, Q;) unit the price is C; per
unit, [Q1,Q2) unit the price is C12 per unit, [Q2,00) unit the p

rice is Ci3 per unit. Here
0< Q1 <@Q3 and C11 > C12 > Ci3.

So we can write,

Cu ifQe[0,Q)
C1=4C2 ifQ€[Q,Q,)
Cis ifQe [Qz, 00)

We know, the total cost per unit time is C = DC; + %2 N Qgg
Hence,

DC]1+Q6—D+Q%Q HQEIO:Q'I)
C= DC‘12+Q¢?‘;JQ-|'QZ9 “QE[Q11Q2)
DCia+ %P + 92 ifQ € [Qa,00)

Now the optimal order quantity is Qopr = vV %2 for all the prices (as Qopt are
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e -
B | C11: High Cost
ol C12: Mid Cost
3| CrorLewost
0 >

Figure 4.8: Inventory Situation with uniform.demand rate and instantaneous order replenish-

ment. Quantity discount applicable with three rates C11 = 11 (Green), Ci2 = 10 (Blue), Ci3 =
9 (Red). The other parameter values are D'=1,C; = 20,C3 = 5,

independent of C;). So there are three possibiliteis : 1) Qopt € (0, Q1), ii) Qopt € (@Q1,Q2],
iii) Qopt € (Q2, Q3)- -

The situation is graphically explained by taking some hypothetical values of the parameters
(see Fig. 4.8).

> Note that, cost function C minimizes at Qop i.e. either AA;A2A3 (green) curve or,
BB1 B3B3 By (blue) curve or, EE1EyE3E, (red) curve satisfies the Qop:.

> If Qopt € [0,Q1)

So the Qopt is valid. for the quantity discount cost Cpy i.e. total cost for C11 and Qup
- is Cp = DCy1 + %i% + Ca—('z?"ﬂ However, we also need to check the total cost for the
next two available discount price Cjg,C)3 with the minimum quantity @, ie. Cg =
BC12+ %ﬁ—)- + %1 and Cy = DCy3 + S 4 %—2-.

_~Next we select Qopt o1, Q2 or, Q3 at whic min{Cy, Cg, Cy} occurs. Hence either Q¢ or,
Q1 or, @, will be the optimum order quantity.

> |Case I} If Qopt € [@1,Q2)

So'the Qopt is valid for the quantity discount cost Cy2 blue curve (Fig. 4.8) i.e. total

cost for Cy and Qopt I8 Co = DC2 + %ﬁ% + 03—‘;2?"& However, we also need to check the
total cost for the next available discount price Cy3 with the minimum quantity Q2 i.e.
Cp‘—‘DCla-i-gggg-i-gi?l.

Next we select Qopt or, Q2 at which min{Cq, Cg} occurs. Hence either Qqp: or, @2 will be
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the optimum order quantity.
> |Case I | If Qopt € [Q2, 0) c d Qupy is
So the Qopt is valid for the quantity discount cost Ci3 i.e. total cost for Ciz and Qopt

Ca = DCi3 + %ﬁ + C“—%&‘- Hence Qopt will be the optimum order quantity.
O In a similar way, it can be generalized upto k breaks for the discount cost Cj.

Example 4.3. Find the optimal order quantity for a product when the a_nnual demand fo.r
the product is 500 units. The storage (holding) cost per unit per year is 10% of the unit
cost and the ordering cost per order is Rs. 180. The unit costs (in Rs.) are [INTU 2011]

25 ifQ € [0,500)

c, — | 2480 ifQ € [500,1500)
24.60 ifQ € [1500,3000)
24.40 ifQ € [3000, 00)

O It is given that, Annual demand rate i.e. D = 500, Ordering cost per order i.e. Cy =180
and holding cost per unit per year i.e. C3 = 0.1 X unit cost.

Now for unit price 24.4, we have Qopt = \/2—%232 = 1/%{% = 271.6.
This is not feasible as Q = 271.6 is not available for cost 24 4,

For unit price 24.6, we have Q,p; = B33BOXS0 = 270.5, (not feasible).

For unit price 24.8, we have Qqps = 1/23_%)% =269.4, (not feasible).
For unit price 25, we have Qup; = W = 268.3, (feasible).
Note that, Qopt is the value at which total cost C minimizes.

So the total annual cost for 268.3 unit with price 25 is C! = DCy; + gig + Cs;?éeg _

¢ opt -
500 x 25 + 182(:;;%00 + 0.1)<252x268.3 = 13’ 170.82.

We also compare the above price with minimum quantst
the total annual cost for 500 unit with price 24.8 is 2

180x500 , 0.1x24.8x500 __ }
24.8 + 180500 4 0.1x248x500 _ 13 909,

We again compare the above price with minimum quantity with next lower price break

i.e. the total annual cost for 1500 unit with price 24.6 s O3 — DCy3 + %_12 + C'32Q3 —
.1x24.6x1500 _ 3

500 x 24.6 + 180300 | 0.1x246x1500 — 14 905,

Finally, we compare the above price to the minimum quantit

the . vty with next lower price break
i.e. the total annual cost for 3000 unit with price 24.4 is 04 — DG + %2 + S =
4

180x500 | 0.1x24.4x3000 _ .
500 x 24.4 + 180x500 | 0.Lx24, 15, 890

As the minimum cost is 13,170.82 it implies the optimum order quantity is 268.3 ;.e. 269
units.

Y with next lower price break i.e.
= DO + B2 + Q@ _ 59

Example 4.4. Find the optimal order quantity for a product for whic, the price breaks
as follows [CheU 2002/

10 ifQ € [0,500)
C1 =925 ifQ € [500,750)
8.75 ifQ € [750, c0)
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The monthly demand for the product is 200 units, storage cost is 2% of the unit cost and
cost of ordering is Rs. 100.

O It is given that, Annual demand rate i.e. D = 200 units, 0rde‘ring cost per order
i.e. C3 =100 and holding cost per unit per month i.e. C5 = 0.02 x unit cost.

PR 2C;D _  [2x100x200 __
Now for unit price 8.75, we have Qop = B =1/ %oxa7s =478.1.

This is not feasible as Q = 478.1 is not available for cost Rs. 8.75.

For unit price 9.25, we have Qopt = 4/ 2—0’% = 465, (not feasible).

For unit price 10, we have Qopt = \/%%@ = 447.2, (feasible).
Note that, Qopt is the value at which total cost C minimizes. )

. C3Q
So the total annual cost for 447.2 unit with price 10 is C! = DCy; 4 —i—g og -+ —-"ﬂsz =
100x200 | 0.02x10x447.2
200 x 10 + 100x200 | 0.02x10x447.2 _ 9089 44

We also compare the above price with minimum quantity with next lower price break i.e.

the total annual cost for 500 unit with price 9.25 is C?2 = DCjs + %22 + %91 = 200 x
00x200 |, 0.02x9.25x500 _
9.25 + 1200 | 0.02x9.25%500 _ 1936 o5

Finally, we compare the above price to the minimum quantity with nezt lower price break
i.e. the total annual cost for 3000 unit with price 244 is C* = DCyy + %f’- + _03291 =
100x200 |, 0.02x8.75x750 __

As the minimum cost is 1842.29 it implies the optimum order quantity is 750 units.

4.4 ABC Inventory System

products or services are most critical to the financial s
» The most important stock keeping units (SKUs), b
itability, are Class A items, the next-most important
are Class C. Some companies may choose a classificati
more than just those three groups (A-

uccess of their organization.
ased on either sales volume or prof-
are Class B and the least important

on system that breaks products into
F, for example).

4.4.1 Pareto’s Principle (The 80/20 Rule)

O The Pareto principle was developed by Italian economist Vilfredo Pareto in 1896, Pareto
observed that 80% of the land in Italy was owned by only 20% of the population. He also
witnessed this happening with plants in his garden 20% of his plants were bearing 80% of
the fruit. This relationship is best mathematically described as a power law distribution
between two quantities, in which a change in one quantity results in a relevant change into
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the other.

> Some examples based on Pareto’s Principle:

> 80% of a company’s profits come from 20% of customers.

> 20% of a plant contains 80% of the fruit.

> 80% of exam preparation is done at last 20% of the study holidays.

> 80% of all wealth in the world lies with only 20% of the population.

> 20% of grocery items amounts to 80% total bill.

> 20% of the sports people win 80% of matches.

> 80% of the crimes are committed by 20% of the population.

» The 80/20 rule is not a formal mathematical equation, but more a generalized phe-
nomenon that can be observed in economics, business, time management, and even sports.
A The basis of the Pareto principle states that 80% of results come from 20% of actions.
If you have any kind of work that can be segmented into smaller portions, the Pareto
principle can help you identify what part of that work is the most influential..

> Imagine you work at an ecommerce company. You take a'look at 100 of your most
recent customer service complaints, and notice that the bulk of the complaints come from
the fact that customers are receiving damaged products. Your team calculates the amount
of refunds given for your damaged products and finds that approximately 80% of refunds
given were for damaged products. Your company wants to avoid processing refunds for
broken products, so you make this problem a. priority solution. Your team decides to
update packaging to protect your products during shipping, which resolves the issue of
customers receiving damaged products. Here we have used Pareto’s principle for decision
making.

Question 4.3. How ABC Analysis Relates to the Pareto Principle?

% The Pareto Principle says that most results come from only 20% of efforts or causes in
any system. Based on Pareto’s 80/20 rule, ABC analysis identifies the 20% of goods that
deliver about 80% of the value.

Therefore, most businesses have a small number of ‘A’ items, a slightly larger group of ‘B’
and a big group of ‘C’ items. The Pareto Principle may not always be completely accurate.
However, analysis shows that valuable things do tend to bend toward an 80/20 distribution.
ABC analysis identifies the ‘A’ items where most of a business’s revenue comes from with
relatively little effort. O

4.4.2 ABC Analysis

@ Conduct ABC inventory analysis by multiplying the annual sales of a certain item by
its cost. The results tell you which goods are high priority and which yield a low profit,
so you know where to focus human and capital resources.

Question 4.4. Write short notes on ABC Analysis. |

% The ABC analysis is based on Paretos law that a few high usage value items constitute
a major part of the capital invested in inventories, whereas bulk of items having low usage
value constitute insignificant part of the capital.
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It classify all the inventory items into three categories based on their usage values. Items
of high usage value but small in number are classified as ‘A’ items and would be under
strict control of top level management. Items of moderate value and size are classified
as ‘B’ items and would attract reasonable attention of the middle level management and
‘C’ items are large in number but require little capital and would be under simple control.
ABC analysis is also known as ‘proportional value analysis’. :
Usually, inventory items in most organisations show the following distribution
A l: 5 — 10% of the total number of items accounting for 70 — 80% of the a
value,

B : 10 — 20% accounting for about 15 — 20% of the annual usage value, ﬁ%
C : 70 — 80% of the number of items accounting for 5 — 15% of the annual u3a
In view of the several hundred and even thousand items stocked i “T0gt inVentor
tions, the ABC analysis may be carried out on a sample. Once a é;‘nd of has been

obtained, the following steps may be performed for the ABG analy w

1. | Annual Usage Value|: Calculate the anriualgsage }J(Zfﬁ%;‘ ev}iry item in the sam-
ple: | Annual Usage Value = Annual Requz'rem"’cﬁ:&[}nits x Uttt Cost|.

2. | Ordering|: Arrange the above Annual Usage Valu}s.\‘\‘?ﬁescending order.

3. [ Cumulative Annual Usage & Items|: Wezt, the cummulative total number of items

and the annual usage value.

4. | Cumulative Percentage Annual Usage &ltems|: Convert the cummulative totals of

items and annual usage gfgswperwma‘qes.
e

5. | Plot Lorentz Curv¢|® Plot two cumulative percentages. The curve obtained is
called ABC distgibtion curvexor, Pareto curve or, Lorentz curve.

6. | Select G’ut-‘:ﬁ}f&fointé"?@hl;orentz Curve|: Mark the cut-off points X and Y where

the cu?‘ chanyes_its slope, dwiding it into three segments A,B and C. These
segme E&

B ana @ffor the sample are then generalised over the entire population

gh ]
iter;f?sw

ysis, an organisation would devote much time and effort in the control
as higher inventory costs and be procured in smaller lots. ‘B ’ items are
ms losed under statistical control and attract periodic control of the management. (s,
S) inventory control system might be used for these items. ‘C’ items require very little
capital,and hence have low inventory carrying costs and should be bought in bigger lots so
ere are fewer orders and hence lower acquisition cost and also to take advantage of
quantity discounts for bulk purchases. A fized-order quantity sysiem may be used for such
items. O

Example 4.5. Twelve items kept in inventory are listed below. Which items should be
classified as A, B and C items? What percentage of items is in each class? What percent-
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age of total annual value is in cach class? [CA 1983]

Items with required units and cost per unit
Item No. | Units Cost (Rs.) || Item No. | Units Cost (Rs.)
1 7000 5 7 60000
2 24000 3 8 3000
3 1500 10 9 300
4 600 22 10 29000
] 38000 1.5 il 11500 .
6 40000 0.5 12 4100  =b.

= We will perform the following steps for the ABC anal SIS:, (@ /
1. | Annual Usage Value|: Calculate the annual usagxm% every it

Annual Usage Value = Annual Requirement Units QUnit gggg %%.)
2. | Ordering|: Arrange the above Annual Usage Values‘%escendz’nﬁ order.
3. | Cumulative Annual Usage & Items
the annual usage value.

4. | Cumulative Percentage Annual Usage & Ifgms
items and annual usage values into percentages

5. IPIot Lorentz Curve|: Plot the two cgm@five ercentages. The curve obtained is called
ABC distribution curve or, Pareto curve or,% tz curve.

6. | Select Cut-off Points in Lorentz Ctjye |:\Mark the cut-off points X and Y where the
curve changes its slope, dividing z"@ng’a tht ‘>egments A, B and C. These segments A, B
and C for the sample are thendgeneral %

ised pver the entire population of stock items.
First we will perform step&l\ 2 in th%fg}lowing table:
e

: Next, the cummulain?tgtal number of items and

: Convert the cummulative totals of

Item No. Uﬁ& \Qgg_ost (Rs.) | Annual Usage | Ranking

1 Ag\ooa Y4 95000 4

2 %000 8 72000 2

3 12“25“0 . 10 15000 7

4 ‘}00 22 13200 8

5 8000 1.5 57000 3

156 40000 0.5 20000 6

60000 0.2 12000 9
3000 8.5 10500 11
300 8 2400 12
29000 0.4 11600 10
11500 %4 81650 1
4100 6.2 25420
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e

n

|é,‘.'_
Now to perform steps 3,4 we first write the table with respect to ranking and then
find cumulative and cumulative percentage. b

Item No. | Annual | Cumulative Percentage  An- | Cumulative | Percentage
Usage Annual Usage | nual Usage (Cy = | Items Items (Cp)
(C3) C3/355770)

11 81650 = | 81650 29.95 1 833 \o
2 72000 | 153650 438.18 '2
5 57000 | 210650 59.20 3 ¢ éﬁx
1 85000 | 245650 69.04 4 " %88.98

12 25420 | 271070 76.19 d § y

6 20000 | 291070 81.81 6

8 15000 | 306070 86.08 ﬂ-ﬁ 7 58.38

4 18200 | 919270 89.74 AR 8 | 66.66

7 12000 | 881270 93.11 ; s 75

10 11600 | 842870 96.87 .| 10 83.38

8 10500 | 8533870 99.32 yﬁ 91.66

9 2400 | 355770 104 4 12 100

Nezt to perform step 5 i.e. to draw L rentz curve, we plot percentage items (Cg)
in z-azis and percentage annual usaﬁg'@( y-azis. Then we connected the points to
visualize the curve (see Fig. 4.9)e=To perform2iep 6, we have identified the cut-off points
X and Y where the curve chafiges jt$»slope, dividing it into three segments A,B and C.
Here the item number 11,2,5 d%e flass as A, item number 1,12,6,3 are classified as
B and item number 4,7, 6:"8 9 a%w% sified as C. In the above table we have classified
these three groups as rédiRyreen and*blue colours.

O Using the I-h;} gbserve that: In class A, 25% items present; In class B,
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S)_ --------------------- dusosssvassasse Lrasasesacanatyaneeng
‘ C

Cumulative Percentage Annual Usage

20

e that=xln class A, 59.2% of total annual value

O Using the above table we observ
G;S =5 20) items present; In class C, 13.97% (=

is present; In class B, 26.83% (5
100 — 86.03) items present; %

[Do It Yourself] 4.2, Tﬁéfollowmg't formation is known about a group of items. Clas-

~ sify the items as A,@fg@r%f%@yl%ﬂj

ﬂ%@gms wifhi¥annual consumption units and cost per unit
Unitss,’ Cost (Rs.) || Item No. | Units Cost (Rs.)
N30000 0.1 6 220000 0.1
80000 0.15 7 15000 0.05
| 8000 0.1 8 80000 0.05
110000 0.05 60000 0.15
4000 0.05 l 10 8000 0.1

[Do It Yourself] 4.3. The following information is known about a group of items. Which
items should be classified as A, B and C items? What percentage of items is in each class?
What percentage of total annual value is in each class?. [ICWA 1991]
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